Coleman Families: The theme of "interpolation" of classical modular forms of integral weight to get "continuous families" of p-adic weights is one that might be traced back (with appropriate translation of language) to Ramanujan. The emergence of the interpolated "padic modular eigenforms" is one of the most important topics of contemporary number theory. Following pioneering work of J.-P. Serre, Robert produced p-adic families of p-adic Banach spaces of (overconvergent) p-adic modular forms, together with a completely continuous operator (the Atkin-Lehner operator) whose Fredholm spectrum gives one a good handle on the locus of eigenforms. Robert's construction also opened the way for the "eigencurve", about which we will elaborate in Section 8.
All three of these directions of Robert's research dovetail together, and remain thoroughly contemporary in their importance. This point was illustrated in a comment made by Kevin Buzzard 3 on the day that he heard of Robert's death:
Two or three years ago, I remember noting one afternoon [after hearing three talks at Imperial College] that even though the topics were covering a lot of modern algebraic number theory ((φ, Γ)-modules and their applications, p-adic modular forms, and computational methods for rational points on algebraic varieties), Robert's work had been a critical component of all three lectures I heard that day: the first was on the Coleman homomorphism, the second on Coleman families, and the third used Coleman's explicit Chabauty. A wonderful and genuinely coincidental moment of synchronicity which only underlined how much Robert has influenced modern number theory.
Robert made many other important contributions to number theory, too many to discuss in any depth in this article. For example, he discovered and filled in a gap in Manin's proof of the Mordell conjecture over function fields and, with Voloch, verified some previously unchecked compatibilities in Dick Gross's theory of companion forms, thus completing Gross's influential work. His work on semistable models for modular curves of arbitrary level was recently refined and applied to the Local Langlands Program by Jared Weinstein.
3 The challenges of MS Robert Coleman was an avid tennis player and world traveler when he was struck with a severe case of Multiple Sclerosis in 1985. According to his friend and collaborator Bill McCallum: [Robert] was on a visit to Japan and had a couple of strange incidents: being unable to hit the ball in tennis, stumbling on the stairs in the subway. The Japanese doctors didn't know what was going on. When he got back to Berkeley he was diagnosed with MS. From that point he had a shockingly rapid descent that caught his doctors by surprise; for many patients MS is a long slow decline. He went from perfectly healthy to the verge of death within a matter of weeks. His decline was arrested by some experimental and aggressive chemotherapy treatment. . . But he never bounced back the way MS patients sometimes do.
Robert fought MS bravely and with a great sense of humor, and despite the severity of his illness he remained an active faculty member at UC Berkeley until his retirement in 2013. Those Several other dogs came to the party. The usual birthday stuff happened: Julep got presents and toys, as well as a nice big slice of cake. The cake was made special for the dogs from roast beef, with mashed potato icing.
and went on to reflect:
. . . for all the amusing anecdotes (which reflect his unyielding sense of humor). . . perhaps the most memorable thing about him is how optimistic and positive he was. . . His positive energy was completely contagious, and the difficulties that he overcame put my own concerns into perspective. The net result of that was the greatest contribution that Robert Coleman made to my life.
Robert purchased an off-road wheelchair from John Castellano in 1989, which he used to go mountain biking with John, his wife Marisa, and Bas Edixhoven. John and Marisa would take turns towing Robert up hills using bungee cords attached to their bikes. According to Marisa, "Sometimes we would tandem tow. And then Robert would fly downhill. Robert may have seemed meek in some ways, but he was a thrill seeker on those downhills!" 4 Activism on behalf of people with disabilities Almost immediately after the onset of his illness, Robert began working as an activist and spokesperson for people with disabilities 4 . A resident of El Cerrito, CA, he became an organizer of the Albany-El Cerrito Access Group, which argued successfully for a range of better resources for the disabled, including easier access to buildings and public spaces. In particular, Robert managed to effect the installation of a long ramp at an elementary school playground in El Cerrito that allowed a wheelchair user to ride to the top of a high slide and then take the slide back down to the ground (leaving the wheelchair behind).
Robert seemed to have a special ability to identify situations that could be turned into class action suits. He worked closely with a local law firm that had filed several such cases in the past, and succeeded repeatedly in getting offending local businesses to cease their egregious behavior. The settlements from these lawsuits were put to good use; for example, Robert's group funded the installation of audible signals for the blind at major intersections in El Cerrito. The group also paid for improvements to local libraries for patrons with impaired vision.
The Potato Society
For many years, Robert hosted a wine and cheese gathering in his office every Friday afternoon code-named "Potatoes". Bill McCallum explains the origin of the name:
In Fall of 1978 or 1979 I purchased a case of Australian wine (Jacob's Creek Cabernet?) from the Wine and Cheese Cask and had it delivered to my cubicle in the math department at Harvard, meaning to take it home. Instead, a group of us started drinking it when the cheap Egri Bikaver the department served for Friday afternoon wine and cheese ran out. . . We started having our own wine and cheese in my cubicle area. Greg Anderson, Robert Coleman, Robert Indik and Brad Osgood were regulars. In Fall of 1981 we moved into to Brad's office, and started going out to One Potato Two Potato for dinner afterwards. When Robert moved to Berkeley he continued the tradition there (it died out at Harvard after we all left).
Robert's student Harvey Stein recalls:
Sometimes Potato Society meetings were a little more exotic. Hendrik Lenstra, returning from the Netherlands, once brought what must have been a gallon sized bucket of herring, along with a bottle of jenever. I spent much time filleting fish that night.
And as Ken Ribet describes it:
We always had a great time at Potato Society. We could usually begin by opening up a couple of the bottles that were left over from the previous week. After Society members began to stream in, there were baguettes, new bottles of wine and chunks of cheese on the tables. We always managed to drag in extra people from the department who were walking near Robert's office. Our group often included postdocs, graduate students and staff members. There'd occasionally be an undergrad, but that was exceptional. We'd always have a good view of the Golden Gate Bridge and the setting sun. Depending on the season, the sun would be north of the bridge, right at the bridge or further south. Life stopped for a couple of hours late in the day every Friday.
Coleman maps
Robert Coleman exploded onto the mathematical scene with his Ph.D. thesis, which was published as "Division Values in Local Fields" [Col79] and continued in "The Arithmetic of Lubin-Tate Division Towers" [Col81a] . In the introduction to [Col79] , Coleman writes:
In his work on cyclotomic fields, Kummer observed that various formal operations on power series had number theoretic applications. Perhaps the most striking of these was Kummer's idea of taking logarithmic derivatives of p-adic numbers. After a long period of neglect, various refinements and generalizations of Kummer's idea have recently been used by Iwasawa and Wiles to study explicit reciprocity laws, and by Coates and Wiles to study the arithmetic of elliptic curves with complex multiplication. . . The aim of the present paper is to begin a deeper and more systematic study of the local analytic theory which underlies these relations between power series and p-adic numbers.
The main result of Coleman's paper is a general theorem on the interpolation of division values in Lubin-Tate formal groups which has found numerous applications to local class field theory, Iwasawa theory, and the arithmetic of p-adic L-functions. We now describe this result, and its relation to Iwasawa theory from [Col81a] , in the special setting of the (formal group associated to the) multiplicative group G m following Pierre Colmez's exposition in [Col98] . We also attempt to place these results into the larger context of p-adic representations and p-adic L-functions.
To begin, fix a compatible system { n } of roots of unity in Q p with 1 = 1 and
] be the completed group algebra of Γ. The Coleman norm map is a homomorphism E : lim ← − O * Kn → Λ from the projective limit of the groups O * Kn with respect to the norm maps to the completed group algebra Λ. To define the map E, Coleman first proves that given an element u = (u n ) of lim ← − O * Kn , there is a unique invertible power series Col
(This is the interpolation theorem referred to above in the present context.) The logarithmic derivative of Col u (T ) again has coefficients in Z p and there is a unique measure µ u on Z p such that
Restricting this measure to Z * p and pulling it back to Γ via the cyclotomic character gives the Coleman map E, which turns out to be nearly an isomorphism. As Colmez writes:
The measure which is used to define the Kubota-Leopoldt p-adic zeta function is the image of the cyclotomic units via this map, so the [Coleman norm map E] can be thought of as a machine producing p-adic L-functions out of compatible systems of units.
All of this can be interpreted in terms of the p-adic representation Q p (1) associated to the cyclotomic character, and much later Cherbonnier and Colmez [CC99] used the theory of (φ, Γ)-modules introduced by J.-M. Fontaine 5 to extend Coleman's map to arbitrary p-adic representations.
Coleman subsequently realized that his norm map, combined with p-adic analytic properties of the dilogarithm function
allow one to give a new explicit formula for the Hilbert norm residue symbol of local class field theory. More specifically, in "The Dilogarithm and the Norm Residue Symbol" [Col81b] , he presented a new formula for the norm residue symbol of exponent p n attached to a cyclotomic extension of Q p containing the p n -th roots of unity. This was the first concrete connection between the dilogarithm series, which plays an important role in Thurston's work on hyperbolic geometry and the work of Bloch and Milnor on algebraic K-theory, and class field theory. (Such a connection is quite natural in view of the fact that in both settings the Steinberg relation between x and 1 − x plays a central role.) Earlier explicit formulas for the norm residue symbol took on different forms for p = 2 and odd primes, but in Coleman's formula all primes are treated equally. Coleman relates being a local norm to being an exact differential, and is led by this to study a class of differential equations whose solutions can be expressed in terms of logarithms and dilogarithms. He is also able to give a new proof of the non-degeneracy of the norm residue symbol from his explicit formula.
Having been led by local class field theory to the study of p-adic analytic properties of the dilogarithm, one might naturally ask whether this function has a natural p-adic analytic continuation. Over C, the series given in (1) converges only in the open complex unit disc but can be analytically continued to a multi-valued function on C − {0}. Since the power series in (1) also converges on the open p-adic unit disc in C p , Coleman had the idea to investigate whether the p-adic dilogarithm admits a similar natural extension. The primary difficulty is that analytic continuation does not work, even in the context of Tate's rigid analytic spaces: the open disc is a maximal analytic domain for 2 . Coleman's brilliant idea in "Dilogarithms, Regulators, and p-adic L-functions" [Col82] is to introduce what he called the "Dwork principle" of analytic continuation along Frobenius. 6 Analytic extension for functions like polylogarithms, which satisfy differential equations with unipotent monodromy, is done by looking within the (vast) collection of locally analytic extensions at those global functions which satisfy certain rigidity assumptions on their twists by Frobenius. Coleman shows that these Frobenius conditions allow one to prove uniqueness of the resulting extension.
Having extended the range of definition of the p-adic dilogarithm (and, more generally, all polylogarithms), Coleman derives a new formula-analogous to classical formulas for Dirichlet L-functions 5 Fontaine associates to any p-adic representation V of the absolute Galois group of a local field K of characteristic zero a so-called (φ, Γ)-module, which is a certain module D(V ) equipped with a Frobenius operator φ, a left inverse of φ, and a continuous action of the Zp-cyclotomic Galois group of K commuting with the action of φ. This gives an equivalence between suitable categories of Galois representations and modules, and translates the study of p-adic representations V into the "linear algebra" of its corresponding module D(V ). 6 In the Acknowledgments to the paper, Coleman thanks Bernard Dwork "who showed us that although one Frobenius may be best, all are good." over the complex numbers-for the value of Kubota-Leopold p-adic L-functions at a positive integer k ≥ 2 in terms of the k th polylogarithm function. He also uses the extended p-adic dilogarithm to produce a regulator map on K 3 (C p ), analogous to Bloch's regulator map on K 3 (C) in terms of the complex dilogarithm. This uses a construction similar to Coleman's explicit formula for the Hilbert norm residue symbol, and a similar method gives a p-adic regulator map for Tate elliptic curves. In the remarks at the end of the paper, Coleman writes: "In a subsequent paper we intend to show how the ideas in this paper lead to a theory of p-adic abelian integrals." We turn to this theory next.
Coleman integration
The theory laid out in [Col82] can be viewed as a theory of p-adic Abelian integrals on P 1 . 7 This approach, and its applications to p-adic L-functions, was extended to arbitrary curves with good reduction by Coleman and de Shalit in "p-adic regulators on curves and special values of p-adic L-functions" [CdS88] . Specifically, if C is a smooth complete curve over Q p whose Jacobian J has good reduction, Coleman and de Shalit show how to define p-adic integrals for arbitrary meromorphic differential forms on C. As an application, if W = H 0 (C, Ω 1 C ) is the space of holomorphic differentials on C and T = Hom(W, Q p ) is the tangent space of J at the origin, they define a p-adic regulator pairing r p,C : K 2 (Q p (C)) → T whose value at the Steinberg symbol {f, g} is the linear functional
where "Log" denotes a fixed branch of the p-adic logarithm and div(f ) = t i=1 (q i ) − (p i ). In the special case where C = E is an elliptic curve with complex multiplication, the pairing (2) is related to a special value of the p-adic L-function of E; this gives a p-adic analogue of a theorem of Bloch. As Coleman and de Shalit write in their paper:
The fragmentary evidence relating special values of classical L-functions to regulators on K-groups instigated very general and powerful conjectures of Bloch, Beilinson, and Deligne. Recently Soulé and Schneider have begun looking for p-adic conjectures. The relatively down-to-earth results of this paper, together with the earlier examples mentioned above, strongly support such analogues. Not less important, perhaps, is the indication that rigid analysis and p-adic integration ought to play some role in the proof of the p-adic conjectures.
For a more restrictive class of differential forms (differentials of the second kind 8 ), but for varieties of any dimension having good reduction at p, Coleman developed in "Torsion points on curves and p-adic Abelian integrals" [Col85b] a full-fledged theory of p-adic Abelian integrals of one-forms. The construction is again based on the Dwork principle of "analytic continuation along Frobenius". Coleman establishes the basic properties of these p-adic integrals, including an important functoriality result which he uses to show that p-adic Abelian integrals of holomorphic one-forms satisfy an addition law. Once a branch of the logarithm has been fixed, the methods developed in [Col82, CdS88, Col85b] can be combined to extend the theory of p-adic Abelian integrals to closed meromorphic one-forms on arbitrary varieties with good reduction, as well as to curves with bad reduction. In the latter case, one does not always have a single-valued primitive for holomorphic differentials: there are periods which arise. Coleman's theory of p-adic integration of one-forms was extended by Zarhin, Colmez, Besser, Vologodsky, and others (c.f. [Bre00] ), culminating in the recent book "Integration of one-forms on p-adic analytic spaces" by Vladimir Berkovich [Ber07] , which treats varieties of any dimension with no assumptions on the reduction type.
Going back to the paper [Col85b] , as a consequence of his addition law Coleman shows that if a curve C over C p with good reduction at p is embedded in its Jacobian J, the torsion points of J(C p ) lying on C are the common zeros of certain p-adic Abelian integrals of the first kind on C. These integrals can be expanded as power series in one variable (with respect to some local parameter on C), and the number of common zeros can be studied using Newton polygons and other classical tools from p-adic analysis. Using this idea, in "Ramified Torsion Points on Curves" [Col87] Coleman was able to give an entirely new proof of the Manin-Mumford conjecture, originally proved by Raynaud: if C is a curve of genus at least 2 over a field of characteristic zero, then there are only finitely many torsion points of J lying on C. Unlike Raynaud's proof, Coleman's argument can sometimes be used to explicitly calculate this finite set of torsion points. For example, together with Tamagawa and Tzermias, Coleman showed in "The cuspidal torsion packet on the Fermat curve" [CTT98] that if C is the Fermat curve X m + Y m + Z m = 0, embedded in its Jacobian J via a cusp (i.e., a point (x, y, z) with xyz = 0), then the set of torsion points of J lying on C is precisely the set of cusps for all m ≥ 4. Coleman's theory of p-adic integration plays a crucial role in the proof. Poonen [Poo01] presented an effective algorithm to calculate torsion points on curves by combining one of Coleman's main results in [Col87] with ideas of Buium from [Bui96] .
Perhaps the biggest splash made by the theory of p-adic Abelian integrals was Coleman's highly influential paper "Effective Chabauty" [Col85a] , in which he resurrected an old idea due to Chabauty and showed that it led to effective bounds for the number of rational points on an algebraic curve C over a number field K, provided that the Mordell-Weil rank of the Jacobian of C is not too large. Specifically, Coleman proved the following theorem (which, for simplicity, we state only for K = Q):
Theorem: Let C/Q be an algebraic curve of genus g ≥ 2, and assume that the rank r of J(Q) is less than g. Then for any prime p > 2g at which C has good reduction,
Recall that the Mordell Conjecture, proved by Faltings (and independently by Vojta shortly thereafter), asserts that if C is an algebraic curve over Q of genus at least 2, then the set C(Q) of rational points on C is finite. At the present time, however, we do not know an effective algorithm (even in theory) to compute this finite set. The techniques of Faltings and Vojta do lead in principle to an upper bound for the size of C(Q), but the bound obtained is very far from sharp and is hard to write down explicitly. By contrast, when the Chabauty-Coleman method applies (i.e., when r < g), the bound is not only completely explicit, it is sometimes even sharp! 9 And even when Coleman's bound is not sharp, the method of proof can often be used (together with explicit computations) to find the set of rational points on C exactly. This has given rise to a whole industry in computational number theory, and many Diophantine equations have been solved using this method and its generalizations and refinements. For example, in book 6 of the Arithmetica, Diophantus of Alexandria poses a question which comes down to finding the positive rational solutions to y 2 = x 6 + x 2 + 1, which describes a genus 2 curve C. More recently, Michael Stoll developed a refinement of the method of Chabauty-Coleman, showing that there is a bound depending only on g and [K : Q] for the number of K-rational points on a hyperelliptic curve C of genus g over a number field K with the property that the Mordell-Weil rank of its Jacobian is at most g − 3. And in another recent preprint, Poonen and Stoll prove that for g ≥ 3, a positive fraction of hyperelliptic curves of odd degree 2g + 1 over Q have only one rational point, the point at infinity. They also prove a lower bound on this fraction that tends to 1 as the genus tends to infinity. Their method combines a refinement of the Chabauty-Coleman method, based on an idea of McCallum, with the Bhargava-Gross equidistribution theorem for nonzero 2-Selmer group elements. So the method of Chabauty-Coleman is alive and well. 10 9 David Grant gives the example y 2 = x(x − 1)(x − 2)(x − 5)(x − 6) with p = 7. 10 Minhyong Kim has developed a partly conjectural non-abelian analogue of the method of Chabauty-Coleman which appears to hold great promise for the future; it is related to iterated Coleman integrals and the Grothendieck section conjecture.
To round off our discussion of Coleman integration, we mention that it has deep connections with p-adic Hodge theory which have presumably only begun to be understood. One of the first such connections was made by Coleman himself in his 1984 paper "Hodge-Tate periods and p-adic abelian integrals" [Col84] . In that work, Coleman gives a new description of one of the maps involved in the Hodge-Tate decomposition of an abelian variety A with good reduction. Using this, he provides a formula for the Hodge-Tate periods 11 involving p-adic Abelian integrals on A. Pierre Colmez built on this work in [Col92] , constructing p-adic periods for differentials of the second kind on arbitrary Abelian varieties A over a local field K with values in Fontaine's period ring B + dR via p-adic integration.
Coleman continued to elucidate connections between p-adic integration and p-adic Hodge theory throughout his career. For example, in the 1999 paper "The Frobenius and monodromy operators for curves and Abelian varieties" [CI99] , written with Adrian Iovita, they show that if A is an abelian variety over a local field K having split semistable reduction, then the p-adic integration pairing T p (A)×H 1 dR (A) → B 
Coleman families
The classical work of Ramanujan on arithmetic properties of the Fourier coefficients of modular forms unearthed striking congruences which contain important number-theoretic information (see [Ram00] , as well as the discussion in [Ser69] ). Perhaps the most famous of these is his congruence modulo the prime 691 relating the Fourier coefficients of the cuspidal modular form
to the Fourier coefficients of the Eisenstein series
Concretely, Ramanujan discovered that, for every positive integer n, τ (n) is congruent modulo 691 to the sum of the eleventh powers of all positive divisors of n.
The Fourier coefficients of the family of Eisenstein series of even integral weights k = 4, 6, . . . , given explicitly by
already reveal a wealth of congruences between members of that family of different weights. Indeed, for any odd prime p, if k ≡ k (mod p − 1) then Fermat's Little Theorem tells us that the non-constant Fourier coefficients of E k (q) are congruent mod p to the corresponding non-constant Fourier coefficients of E k (q), and the classical Kummer Congruence for Bernoulli numbers shows that the constant terms are congruent mod p as well. An appropriate elaboration of this observation allows us to construct a family of "p-adic Eisenstein series" that vary over a p-adic analytic parameter space corresponding to their p-adic weights. The Fourier coefficients in this family vary p-adically analytically as a function of the weight, and for any p-adic weight k that happens to be a rational integer at least 2, the member of the family of that weight k is an honest classical Eisenstein series of weight k. Any two members of this family whose weights are appropriately close in this p-adic parameter space will have the property that their corresponding Fourier coefficients will be congruent modulo an appropriate power of p.
The work of Haruzo Hida (see e.g. [Hid86, Hid94, Hid93]) was a major step forward in structurally organizing the "wealth of congruences" we've referred to. Consider modular eigenforms on Γ 0 (pN ) with N not divisible by p. Such a modular form is said to be of slope zero if its eigenvalue for the Atkin-Lehner operator U p is a p-adic unit. Hida showed that any such cuspidal eigenform fits into a p-adically varying family of p-adic cuspidal modular eigenforms on Γ 0 (pN ) (with nebentypus character depending on the weight) that have similar properties to the p-adic family of Eisenstein series described above. That is, the Fourier coefficients in Hida's families vary p-adically analytically over their parameter space, and for integral weights k ≥ 2 the members of the family are classical cuspidal modular eigenforms. These Hida families are of finite degree over their parameter weight space, and provide congruences modulo powers of p for p-adically nearby members. Again, there are a wealth of such congruences.
The existence of such "p-adic continuity" among cuspidal eigenforms might seem more surprising than in the Eisenstein family, in that Eisenstein series over the complex numbers fit into a continuous spectrum while cuspidal modular eigenforms are in the discrete spectrum in the classical harmonic analysis of the L 2 space of functions on the upper half plane relative to the action of an appropriate congruence subgroup of SL 2 (Z). The p-adic setting, then, offers a type of coherence-via congruences modulo powers of p-that the classical one does not.
Robert Coleman's great contribution in [Col96, Col97] was to extend the construction of such p-adic families to cuspidal eigenforms on Γ 0 (pN ) that are merely assumed to be of finite slope; that is, not in the kernel of the U p -operator. Coleman families have all the properties-save one-that Hida families have. That one difference, though, is crucial, and is why Coleman's contribution required a new vision, new techniques, and a strikingly original application of those techniques. Coleman families-in contrast with the Eisenstein families (which are of degree one over the parameter weight space) or Hida families (which are algebraic, of finite degree over weight space)-project only padically analytically to the parameter weight space. Coleman obtains his families by performing a Fredholm analysis in a family of (infinite-dimensional) p-adic Banach spaces of p-adic modular forms (over p-adic weight space). To achieve this was a real advance, and it led to the construction in [CM98] of the eigencurve, a curve (very likely) of infinite degree over weight space that parametrizes all p-adic eigenforms of finite slope. The eigencurve is nowadays a basic tool for understanding the arithmetic of modular forms.
Concluding remarks
Robert Coleman was a kind, brave, and brilliant man whose influence on mathematics and on his friends and loved ones will long outlive his fragile body. He focused on what is important in mathematics and in life, from beginning to end, and had the imagination, originality, and courage to work on problems which lay just at the edge of the possible. He was unafraid to dream the great dreams of his subject.
A conference on p-adic Methods in Number Theory will take place in Berkeley, CA in May 2015 in honor of Robert's mathematical legacy.
